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Abstract. We prove a ball-box theorem for nonsmootli Hormander vector 
fields of step s > 2. 



1. Introduction 

In this paper we give a self-contained proof of a ball-box theorem for a family 
{Xi, . . . , Xjn} of nonsmooth vector fields satisfying the Hormander condition. This 
is the third paper, after fM" and [MM], where we investigate ideas of the classical 
article by Nagel Stein and Wainger [NSW]. 

Our purpose is to prove a ball-box theorem using only elementary analysis tech- 
niques and at the same time to relax as much as possible the regularity assumptions 
on the vector fields. Roughly speaking, our results hold as soon as the commutators 
involved in the Hormander condition are Lipschitz continuous. Moreover, our proof 
does not rely on algebraic tools, like formal series and the Campbell-Hausdorff for- 
mula. 

To describe our work, we recall the basic ideas of [NSW]. Notation and language 
are more precisely described in Section [5J Any control ball B{x, r) associated with 
a family {Xi, . . . ,Xm} of Hormander vector fields in M" satisfies, for x belonging 
to some compact set K and small radius r < tq, the double inclusion 

(1.1) $,(Q(C7"V)) C B(x, r) C MQiCr)). 
Here, the map is an exponential of the form 

(1.2) $,(/i) = eMhiUi + ■■■ + KUn){x), 

where the vector fields C/i, . . . , [/„ are suitable commutators of lengths di, . . . ,dn 
and Q{r) = {h £ M" : max^ < r}. Usually, (|l.ll) is referred to as a ball-box 

inclusion. A control on the Jacobian matrix of gives an estimate of the measure 
of the ball and ultimately it provides the doubling property. 

A remarkable achievement in [NSW] concerns the choice of the vector fields 
Uj which guarantee inclusions (jl.ip for a given control ball B{x,r), see also the 
discussion in |Ste[ p. 440]. Enumerate as Yi,...,Yq all commutators of length 
at most s and let ii be the length of Yi. If the Hormander condition of step s 
is fulfilled, then the vector fields Yi span R" at any point. Given a multi-index 
/ = (ii, . . . , in) e {1, . . . , —: S and its corresponding n— tuple Yi-^, . . . , Yi^ of 
commutators, let 

(1.3) \i{x)=Aei{Y,^,...,Y,J{x) and ^(/) 
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In |NSW] ■ the authors prove the foUowing fact: given a baU B{x, r), inclusion ()l.ip 
holds with Ui — Yi^ , . . . ,Un — i^i„ if the n— tuple / G 5 satisfies the rj-maximality 
condition 

(1.4) |A/(a;)|/« > 77max|AA-(a;)|/(^\ 

PC 

where ry G (0, 1) is greater than some absolute constant. Although the choice of the 
n-tuple / may depend on both the point and the radius, the constant C is uniform 
in X € K and r G (0, ro). 

In [M] the second author proved that also holds if one changes the map 
with the almost exponential map 

(1.5) Ex{h) = exp,(/ii[/i) o • • • o exp^(/i„C/„)(a;), 

where hj i— ^ exp^{hjUj) is the approximate exponential of the commutator Uj, 
whose main feature is that it can be factorized as a suitable composition of ex- 
ponentials of the original vector fields Xi, . . . ,Xm- See (12. 3p for the definition of 
exp^. Lanconelli and the second author in ILMj proved that, if inclusion (|1.5|) . with 
pertinent estimates for the Jacobian of are known, then the Poincare inequality 
follows (see [Jj for the original proof) . It is worth to observe now that all the results 
in |NSW] and [M] are proved for C^^ vector fields, where M is much larger than 
the step s. This can be seen by carefully reading the proofs of Lemmas 2.10 and 
2.13 in [NSW] . 

In |TW| Section 4] , Tao and Wright gave a new proof of the ball-box theorem 
with a different approach, based on Gronwall's inequality. The authors in |TW] 
use scaling maps of the form ^x,r{t) '■= exp(tir''i?7i -I- • • • -I- tnr^"Un)x, which are 
naturally defined on a box \t\ < Eq, where > is a small constant independent of 
X and r, see the discussion in Subsection l5.2l The arguments in [TWj do not rely on 
the Campbell-Hausdorff formula. Moreover, although the statement is phrased 
for C°° vector fields, one can see that their results hold under the assumption that 
the vector fields have a C*^ smoothness, with M = 2s for vector fields of step s. 
See Remark 15.101 for a more detailed discussion. 

In [MM] we started to work in low regularity hypotheses and we obtained a 
ball-box theorem and the Poincare inequality for Lipschitz continuous vector fields 
of step two with Lipschitz continuous commutators. We used the maps (|1.5p , but 
several aspects of the work [MM are peculiar of the step two situation and until 
now it was not clear how to generalize those results to higher step vector fields. 

Recently, Bramanti, Brandolini and Pedroni [BBP] have proved a doubling prop- 
erty and the Poincare inequality for nonsmooth Hormander vector fields with an 
algebraic method. Informally speaking, they truncate the Taylor series of the coef- 
ficients of the vector fields and then they apply to the polynomial approximations 
the results in |NSW| ILM| and [M]- The paper jBBP] also involves a study of the 
almost exponential maps in (II. 5p . The results in [BBP] and in the present paper 
were obtained independently and simultaneously. 

In this paper we complete the result in [MM], namely we prove a ball-box the- 
orem for general vector fields of arbitrary step s, requiring basically that all the 
commutators involved in the Hormander condition are Lipschitz continuous. Our 
precise hypotheses are stated in Definition 12.11 We improve all previous results in 
term of regularity, see Remark 15.101 As in [MM], we use the almost exponential 
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maps (II. 5p . but we need to provide a very detailed study of such functions in the 
higher step case. 

The scheme of the proof of our theorem is basicahy the Nagel, Stein and Wainger's 
one, but there are some new tools that should be emphasized. Namely, we obtain 
some non commutative calculus formulas developed in order to show that, given a 
commutator Y, the derivative exp^{tY) can be precisely written as a finite sum 
of higher order commutators plus an integral remainder. This is done in Section |3l 
These results are applied in Section [5] to the almost exponential maps E in (|1.5p . 
Our main structure theorem is Theorem l5.8l As in [MM', part of our computations 
will be given for smooth vector fields, namely the standard Euclidean regularization 
Xj of the vector fields Xj . We will keep everywhere under control all constants in 
order to make sure that they are stable as tr goes to 0. 

It is well known (see jLM[ IMM] ) that the doubling property and the Poincare 
inequality follow immediately from Theorem 15.81 Observe also that our ball- 
box theorem can be useful in all situations where integrals of the form J \f{x) — 
f{y)\w{x,y)dxdy need to be estimated, for some weight w. See for example [Mj or 
|MoM| . As an application, in Proposition 16.21 we prove a subelliptic Hormander- 
type estimate for nonsmooth vector fields. We believe that the results in Section [3] 
may be useful in other, related, situations. 

Concerning the machinary developed in Section [31 it is worth to mention the 
papers |RaS[ IRaS2) . where non commutative calculus formulas are used in the 
proof of a nonsmooth version of Chow's Theorem for vector fields of step two. 

Geometric analysis for nonsmooth vector fields started in the 80s with the pa- 
pers by Franchi and Lanconelli j PLH IFL2| , who proved the Poincare inequality for 
diagonal vector fields in R" of the form Xj = Xj{x)dj, j = 1, . . . ,n. In the diagonal 
case completely different techniques are available. In the recent paper by Sawyer 
and Wheeden [S W] , which probably contains the best results to date on diagonal 
vector fields, the reader can find a rich bibliography on the subject. 

Plan of the paper. In Section[2]we introduce notation. In Section[3]we prove our 
noncommutative calculus formulas and in Section 2] we prove a stability property 
of the "almost- maximality" condition (|1.4p . These tools are applied in Subsection 
15.11 to the maps E. In subsection 15.21 we briefly discuss the "scaled version" of 
our maps E. Subsection 15.31 contains the ball-box theorem. In Section |6] we show 
some examples. Finally, Section [7] contains the smooth approximation result for 
the original vector flelds. 

Acknowledgment. We wish to express our gratitude to Ermanno Lanconelli, for 
his continuous advice, encouragement and interest in our work, past and present. 
We dedicate this paper to him with admiration. 

2. Preliminaries and notation 

We consider vector fields Xi, . . . ,Xm in R". For any ^ G N we define a word 
w = ji . . . ji to be any finite ordered collection of t letters, jk S {1, . . . , m}, and we 
introduce the notation X^ = [Xj^, • ■ • , [Xj^_-^, Xj^]] for commutators. Let \w\ := I 
be the length of X^,. We assume the Hormander condition of step s, i.e. that 
{Xw{x) : \w\ < s} generate all R" at any point x G R". Sometimes it will be useful 
to have a different notation between a vector field in R" and its associated vector 
function. In these situations we will write X^ — f^-\7 — J2k=i fw^k- We will also 
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enumerate as Yi,. . . ,Yq all the commutators with length \w\ < s and denote 
by £i or £{Yi) the length of Yi . We identify an ordered n-tuple of commutators 
Yi^,.. .,Yi^ by the index / = {ii, . . . , i„) e 5 := {1, . . . ,q}". 

For x, y G M", denote by d{x, y) the control distance, that is the infimum of the 
r > such that there is a Lipschitz path 7 : [0, 1] ^ R" with 7(0) = x, 7(1) = y 
and 7 = jyjLi ^-^^ ^ ^ ['-'i The measurable functions bj must satisfy 

^ ^ for almost any t. Corresponding balls will be indicated as B{x,r). 

Denote also by g{x, y) the infimum of the r > such that there is a Lipschitz 
continuous path 7 : [0, 1] — >■ R" with 7(0) = x, 7(1) = y and 7 satisfies for a.e. 
f G [0, 1], 7 = J2i=i Ci^(7) for suitable measurable functions Cj with |cj(i)| < r^^^^\ 
Corresponding balls will be denoted by Bg{x,r). The definition of g is meaningful 
as soon as the vector fields Yj are at least continuous. 

Definition 2.1 (Vector fields of class As)- Let Xi,. . . ,X„i be vector fields in R" 
and let s > 2. We say that the vector fields Xj are of class As if they are of class 
Cj*^~^'^(R") and for any word w with |w| = s — 1, and for every j, k e {1, . . . , m}, 

(1) the derivative Xkfw exists and it is continuous; 

(2) the distributional derivative Xj(Xkfw) exists and 



(2.1) x,{XkU)eL^Mn- 

Recall that Xj G C^^^^'^ means that all the Euclidean derivatives of order at 
most s — 2 of the functions /i, . . . , are locally Lipschitz continuous. In particular, 
all the commutators X,„, with ju"! < s — 1 are locally Lipschitz continuous in the 
Euclidean sense and by item (1) all commutators X^, of length |w| = s are pointwise 
defined. If we knew that d defines the Euclidean topology, condition (2) would 
equivalent to the fact that is locally d-Lipschitz, if |w| — s, see |GN[ IFSSC] . 

Let {Xi, . . . , X,n} be in the class As and assume that they satisfy the Hormander 
condition of step s. Fix once for all a pair of bounded connected open sets H.' CC 
and denote K = ^l'. We denote by D Euclidean derivatives. If _D = dj^ ■ ■ ■ dj^ for 
some Ji , • . • , Jp G { 1 , . . . , n} , then \D\ :— p indicates the order oi D. It is understood 
that a derivative of order is the identity. Introduce the positive constant 



L:= max sup|I?/j|+ max esssup[Z?/j| 
i<i<™ n 'j=i,...,m n 

0<|I?|<s-2 m|=s-l 
(2.2) r , 

+ max ess sup I Xk Xj | . 

k,j=l,...,m, Q 

l-u;!— s — 1 



Remark 2.2. We will prove in Section 5 a ball-box theorem for vector fields of 
step s in the class As- This improves both the results in |TW| and fBBPJ in term 
of regularity. Indeed, in |TWj a C*^ regularity, with M = 2s must be assumed 
(see Remark I5.10|) . In [BBPj the authors assume that the vector fields belong to 
the Euclidean Lipschitz space Cj^" ' (R"), which requires the boundedness on the 
Euclidean gradient V/^, of any commutator /„, of length s, while we only need to 
control only the "horizontal" gradient of 
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Approximate commutators. For vector fields Xj-^, . . . and for r > 0, we 

define, as in [NSWj . [M] and [MM) . 

Cr [Xj, , Xj^ ) := cxp(-rXj, ) exp(-TXj, ) exp(rXj, ) exp(rXj J, 



CAXj,,. . . . . . exp(-rX,JC,(X,,, . . . ,X,J exp(rX,J. 

Then let 

I Cji/« {Xj^ , Xjf ) , if t > 0, 



(2.3) ef---^-^ :=exp,(iX,,,,...,J 



By standard ODE theory, there is Iq depending on ^, K , i7, sup \fj\ and ess sup |V/j| 
such that e'Kjp^{tXj-^j^ j^)x is well defined for any x € K and |i| < to- The ap- 
proximate commutators Ct are quite natural (indeed, they make an appearance in 
the original paper [4]). Assuming that the vector fields are smooth and using the 
Campbell-Hausdorff formula, we have the formal expansion 

oo 

Cr{Xj, , . . . , = exp (t'X,,,,,„j^ + J2 ^''^k) , 

k=e+i 

where Rk denotes a linear combination of commutators of length k. See |NSW| 
Lemma 2.21]. A study of these maps in the smooth case based on this formula is 
carried out in [M] . 

Define, given / = (ii, . . . ,in) & S, x e K and h e M", with \h\ < C^^ 

(2.4) Ei^,{h) ■.= Ei{x,h) :^exp,(/iiy,J---exp,(/i„r,J(x), 
||/i||/:= max Q/(r) := {/i e R" : < r} 

j=l,...,n 

A(x,r) :=max|AK(x)|/(-^\ 
Kes 

where i{K) — £ki+ - ■ ■ +^fc„, the determinants Xk are defined in (jl.3p . and we have 

(2.5) V := inf A(x, 1) > 0. 

The lower bound ()2.5p will appear many times in the following sections. All the 
constants in our main theorem will depend on v in (|2.5p and on L in (|2.2p . 

In order to refer to the crucial condition (|1.4p . we give the following definition 

Definition 2.3 (77-maximal triple). Let G ]0, 1[, / S 5, a; G M" and r > 0. We 

say that {I,x,r) is 77— maximal, if we have \\i{x)\r^'^^^ > r]A{x,r). 

Regularized vector fields. Here we describe our procedure of smoothing of the 
vector fields Xj of step s. For for any function /, let f^^^x) = J f{x — ay)(p{y)dy, 
where ip G is a standard nonnegative averaging kernel supported in the unit 
ball. Define 



XJ ■.= Y.if^)^^^dk and 



(2.6) 



fc=i 
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for any word ji . . .ji, with 2 < £ < s. (Observe that ^ fw , if \w\ > 1. See 
Section O Then: 

Proposition 2.4. Let Xi, . . . ,Xm be vector fields in the class As- Then the fol- 
lowing hold. 

(1) For any £ — 1, . . . , s, for any word w of lenght \w\ < £, 

(2.7) XZ^X^, 

as a 0, uniformly on K . In particular, for any multi-index I — (ii, . . . , i„) S 
S, we have X'J :— det(yj'^, . . . j^^^) — > A/, uniformly on K, as a Q. 

(2) There is ag > such that, if \w\ = s and fc = 1, . . . , m, then 

(2.8) sup sup|XfeV^I<C, 

0<cr<cro x^K 

with C depending on L in (|2.2I) . 

(3) There is ro depending on K, 57 and the constant in (j2.2l) such that the 
following holds. Let x G K , r < tq and b S L°°{[0, 1],K™) with ||6j ||l= < r 
for all j. Then there is a unique ip G Lip([0, 1], K."), a.e. solution of 
If — ^jbjXj{ip), with tf{Q) — X. Denote also by f" G Lip([0, 1],M"), the 
a.e. solution of the ff — bjXj{if'^), with i^'^(O) — x. Then 

(2.9) ^'^(1)^^(1), 

as a ^ 0, uniformly in x £ K . As a consequence, for any I G S , uniformly 
in X e K, \h\ < C^^, 

(2.10) EJ{x,h) ■.= e^^,{hiY^^)---ciqy,{h^Y^^J^Ei{x,h). 

Proof. The proofs of items 1 and 2 are given in details in Section [T] Item 3 follows 
from standard properties of ODE. □ 



Remark 2.5. The approximation result contained in Proposition 12.41 is crucial 
for our subsequent arguments. Note that the class As requires a control on the 
Euclidean gradients of all commutators of length strictly less than s. However, it 
is natural to conjecture that a control only along the horizontal directions could 
be sufficient to ensure our main structure theorem in Section [S] Unfortunately, it 
seems quite difficult to get an approximation theorem as ProDOsition l2.4l for a more 
general class than As. On the other side, working without mollified vector fields 
seems to rise some non trivial new issues which we plan to face in a further study. 

Some more notation. Our notation for constants are the following: C, Co de- 
note large absolute constants, eo, ^o, ^o, C*"^ or Cq"^ denote positive small absolute 
constants. "Absolute constants" may depend on the dimension n, the number m 
of the fields, their step s, the constant L in (|2.2p and possibly the constant v in 
(|2.5p . We also use the notation (or C^) to denote a small (or a large) constant 
depending also on rj. The constants ctq or a appearing in the regularizing parameter 
cr may also depend on the Euclidean continuity moduli of the vector fields /„, , with 
\w\ = s, which are not included in L. Composition of functions are shortened as 
follows: fg stands for fog. The notation u is always used for functions of the form 
exp(tiZi) • ■ • exp(fi/.Zy) for some tj G M, > 1, Zj G {Xi, . . . , X„i}. 
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3. Approximate exponentials of commutators 



The main result of this section is Theorem 13.61 in Subsection 13.31 where we 
prove an exact formula for the derivative ^M(e*'^™ (x)), where is a commutator 
of length < s, while e* is the approximate exponential defined in (|2.3p . All 
this section is written for smooth vector fields, namely the mollified X^, but all 
constants are appearing in our computations are stable as a goes to 0. We drop 
everywhere in this section the superscript a. 

We will show that 

~ ^wiei^"' (x)) + higher order commutators 
+ integral remainder. 

The integral remainder is rather complicated, but we do not need its exact form. In 
order to understand what we need to compute the derivative in p.lj) . let us try to 



calculate for example the derivative ^u(e*'^e*^a:;), where A, F G {±Ai, . . . , ±A,„} 
and u denotes the identity function in M". Since A and Y are C^, we have 

juie'^'e'^'x) = (Aw)(e*^e*^x) + r(ue*^)(e*^x). 
In order to compare the terms in the right-hand side, we may write 

Jo dr 

Lemma |3 . 1 1 below shows that the derivative inside the integral can be written in an 
exact form in term of the commutator of A and Y. The purpose of the following 
Subsection 13 . 1 1 is to establish a formalism to study in a precise way more general, 
related, integral expressions. 

Lemma 3.1. Let Z,X be smooth vector fields. Then, 

(3.2) |z(i.e-*^)(e*^y) = [A, Z](^ie-*^)(e*^2/). 

Proof. The lemma is known but we provide a proof for completeness. Observe first 
that 

4z(Me"*^)(e*^a;) = -^Z(ue-*^)(e^^a;) + -f-Z(Me-^^)(e*^a;) 
at dr T=t dr 

=■■ (l) + (2). 

Obviously, (1) = AZ(Me"*-^)(e*^a;). Write now (2) as follows 

lz{ue~*^m\^^^,.^ = 1^^(05,, (ue-^)(0|,^,... 

The proof of formula (13.21) will be concluded as soon as we prove that 

(3.3) l^^^^'''^^^) = -xi^^^'^'m- 
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To prove (|3.3|) . start from the identity ^(77) = u{e ^-^e^-^rf), for small t. Differenti- 
ating, 

Then, p.3p is proved by letting e*^?] = ^. □ 

3.1. Notation for integral remainders. Let A G N, p G {2, . . . , s + 1}. We 

denote, for y G K, and t G [0,io]: small enough, 

N 

(3.4) Op{t\u,y)^yl u:,{t,T)X^^{u^r^e-^^%e^^^^,y)dT, 



,=1 -^0 



where iV is a suitable integer and u is the identity map or m = exp(tYi) • • • exp(typ), 
for some integer /i and suitable vector fields Yj G {ztXi, . . . ,±X„i}. Here X^. 
actually stands for a mollified X^., but we drop the superscript for simplicity. To 
describe the generic term of the sum above, we drop the dependence on i: 

(3.5) {R)-= f w(t,r)X^(u(^-ie-"^)(e"^(^y)dT. 

Here X„, is a commutator of length \w\ — p and X G {±Xj}. Moreover, for any 
t < to, the function uj{t,T) is a polynomial, homogeneous of degree A — 1 in all 
variables {t, r), such that uj{t, r) > if < r < i. Thus 

(3.6) 



/ uj(t,T)dT ^ bt^ for any t > 0, 
Jo 



for a suitable constant 6 G K. The map ip is the identity map 01 ip ~ cxp(tZi) ■ • • cxp{tZ^) 
for some G N, where Zj G {±^1, • . ■ , iX^}- 

Remark 3.2. All the numbers N, ^, b, appearing in the computations of this 
paper will be bounded by absolute constants. 

In order to explain how this formalism works, we give the main properties of our 
integral remainders. 

Proposition 3.3. A remainder of the form (13.41) satisfies for every a E N 

(3.7) t''Op{t\u,y)^Opit''+\u,y) for all y e K t e [0,to]. 
Moreover, for p < s + 1, 

(3.8) \Op{t^,u,y)\<Ct^ for ally eK tG[0,io], 

where to and C depend on the constant L in (12.21) and on the numbers N, /i, u, b 
appearing in the sum p.4p . Furthermore, if i{Z) ~ 1 and p < s + 1, 

(3.9) Opit\ ue'^, y) = Op{t^, u, e'^y). 
Finally, if p < s, we may write, for suitable constants c^, \w\ = p, 

(3.10) Op{t^,u,y)^ ^ c^t^X^u{y)+Op^i(t^+\u,y). 
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Proof. The proof of ()3.7|) and p.9|) are rather easy and we leave them to the reader. 
So we start with the proof of ()3.8p . A typical term in Op{t'^ , u, y) has the form 



t 



(3.11) / w(t,r)y(u^-^e-^^)(e^^c/jy)dr, 

JQ 

with£(F) = p< s + 1. Thus, by Proposition[231 we have \Y{uip~''-e~''^){e''^ ipy)\ < 
C (observe that we need (|2.8p . ii p = s + 1). Therefore, p.Sp follows from the 
property p.6p of w. 

Finally we establish the key property p.lOp . Start from the generic term of 
Op{t^ ^u,y) in (|3.11|) . where we introduce the notation gk '■— e*^*' ■ ■ •e''^", for k — 
1, . . . , and Qu+i denotes the identity map. RecaU also that i{Y) < s. Therefore, 
we get 



Jo 



Loit,T)Y{ug-'e-^''){e^''g,y)dT 

oj{t,T)Yu{y)dT + Lo{t,T)[Y{ug^'e-^''){e^''giy)-Yu{y)}dT 

^bYu{y)t^ + L,it,T){Y{ug-'e-^''){e^''g,y)~Y{ug~'){g,y)}dT 

+ Y] / ^it^'r){Y{ugk^){gky) -Y{ug~l^){gk+iy)\dT. 
k=i ^" ^ ^ 

Recall that Y has length p < s. The penultimate term can be written as 
L.(t,r){r(ugr'e-"^)(e"^5iy) - Yu{ugY'){giy)}dT 
dT u{t, t) J^^ da^Y{ug^^e-"''){e^''g,y) 

;{t, r)dr} [X, Y]{ugY'e~''''){e^'' g^y). 
Observe that, as required, the function uj{t,a) := J^uj{t,T)dT satisfies 
u]{t,a)da ^ [ dTOj{t,T) [ da ^ [ dr TUj{t,T) ^bt^+^ , 



da 



because {t,T) TUj[t,T) is homogeneous of degree A. 
The k—th term in the sum has the form 



^ dTOj{t,T)J^ da-^Y{ug-l^e-^^''){e''^-gk+iy) 

dau{t, a) [Zu , Y] {ug^l^e-^^" ) (e^^^ gu+iy) , 



where aj(i, ct) :— uj{t,T)dT ~ bt^ has the correct form. The proof is concluded. 

□ 
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3.2. Higher order non commutative calculus formulas. In order to prove 
Theorem l3.51 we first need to iterate formula p.2|) . Start from smooth vector fields 
X := Xj of length one and Z := X^^ of length £{Z) := \w\. Differentiating identity 
(|3.2p we get, by the Taylor formula 



Z{ue-'^){e'^y) = ^ ^ad^Z«(y) + f ^^^ad 



'■+'Z{ue~^''Wy)dT, 



where we introduced the notation: adxZ = [X,Z], ad^Z = [X, [X,Z]], etcetera. 
In other words, 



Z(ue*^)(y)-Zw(e*^y) 
.k 



(3.12) 



Y^Ud'lxZu{e'^y)+ I ^±^e.dL+^Z{ue^^){e--^e'^y)dr 
^ t.^d^xZuie'^'y) + 0,+i+,(z)(r+i, e*^j/). 

k=l 



If we take r = s — ({Z), we may write 

Z{ue'''){y)-Zu{e'''y) 

(3.13) fk 

- E ^ad^_^r^e*^y) + 0.+i(i-^(^)+\u,e*^y). 

In view of p.8p . this order of expansion is the highest which ensures that the 
remainder can be estimated with Ct""^'-^''^^ , with a control on C in term of the 
constant in p.2p . as soon as y & K and |i| < C^^. 

Next, we seek for a family of higher order formulas, in which we change e^'^ with 
an approximate exponential exp^(iXu,). The coefficients of the expansion p.l2p 
are all explicit but we do not need such an accuracy in the higher order formulae. 
To explain what suffices for our purposes, start with the case of commutators of 
length two. Let C* = Ct(X,y) = e-*^e-*^e*^e*^, where X := X/ and Y X^ 
are mollified vector fields with length one. 

Let Z := Xy be a smooth commutator with length £{Z) :— \v\. Assume first 
that £{Z) = s. Then, iterating p.l3p we can write 

(i^2,i) Z{uCt)ix) - Zu{Ctx) = Os+iit,u,Ctx). 

If instead £{Z) = s — 1, then some elementary computations based on p.l2p give 

Z{uCt){x) - Zu{Ctx) 

E k ! ady ad^^ad^Vad^V^"(gta:) 

(^2,2) ki + k2+k3+k4 = l ^' ^' 

+2 



02+t(Z){t^,U,Ctx) = Os+l{t^,U,CtX). 
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Next, if £{Z) — s ~2, (this can happen only if s > 3), then we must expand more. 
Namely, we have 

Z{uCt){x)- Zu{Ctx) 



+3 



+ 0^+i(z)it ,u,Ctx) 
= t^[Z, [X, Y]]u{Ctx) + 03+iiz){t^u, Ctx) 
= e [Z, [X, Y]]u{Ctx) + 0,+i{t\u, Ctx). 
Finally, if t{Z) < s — 3 (this requires at least s > 4), we must expand even more: 
Z{uCt){x) - Zu{Ctx) 

= J2 . r I ady"ad^^ad!.Vad^VZu(Ctx) + Oi+,(z)it\u, Ctx) 



ki+k2 + hi+ki = l 



{F2a) = f[z, [X,Y]]u{Ctx) + t^\l-adl.adxZu{Ctx) ~ ^adyad^Zw(Ci 



— auyaux^ ui^L/txy — — auyau^z/ tn^ojXj 

— — ad^adyZu(Cta:;) + — adj^ady Zu(Cfa;) 

— adyadxadyZu(Cfa;) + adxadyadx^w(C4x)| + 04+f(z) (i^, u, Ctx). 

Observe that ii i{Z) = s — 3, then 04+£(z)(i'*, w, CfO;) = Os+i{t^ ,u,Ctx). If instead 
i{Z) < s — 3, then we can expand up to the order Os+i (i^+i-^(^) ^ u, Ctx) by means 
of (IXTOll . 

We have started to put tags of the form [Fk^x) in our formulae. The number k 
indicates the length of the commutator we are approximating, while the number A 
denotes the power of t which controls the remainder. 

Note that in (-F2.4): the curly bracket changes sign if we exchange X with Y . 
Briefly, we can write 

Z{uCt){x) = Zu{Ctx)+t^[Z, [X,Y]]u{Ctx) 

+ ^ CiuX^u(Ctx) + 0^+i{^z){t'^,u,Ctx). 

\w\=W{Z) 

for all X <E K , t <E [0, C^^], where the coefHcients Cw are determined in (^2,4)- The 
corresponding formula for Cf^^{X, Y) is 

Z{uCir^){x) = ZuiCi^^x) ~t^[Z, [X,Y]]u{Ci-^x) 

+ c^X^uiCfT'^x) + Oi+t,(z){t^,u,Cfr'^x), 

\w\=3+e{z) 

where, since Ctr\X,Y) = CtiY,X), the coefficients are obtained again from 
(F24), by changing X and Y. We are not interested in the explicit knowledge of 
all the coefficients and c^,. We only need to observe the following remarkable 
cancellation property: 

(cu, + Cw)X^{x) ~ for any x G K. 

\w\=3+eiz) 
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Next we generalize formulae {F2,\) above. The general statement we prove tells 
that this cancellation persists when the length of the commutator we are approxi- 
mating with Ct is three or more. 

Theorem 3.4. For any ^ G {2, . . . , s}, x ^ K, t ^ [0, C~^], the following family 
{Fgi, F£2, • . • , Fgs) of formulas holds. 

Formulas -F^.^. For any Ct — C't{X^-^, . . . ,X^^), k = !,...,£ and for any commu- 
tator Z such that £{Z) + k < s + 1, we have 

Z{uCt){x) - Zu{Ctx) = Ok+iiz)it\u,Ctx) 

Z{uC^'){y) - Zu(Ct^y) - 0,+,(2) (^^ u, C^'x). 

Formula Fi^i^i. Let £ > 2 be such that £ + 1 < s. Then, for any Ct{Xwx , • • ■ , ^tof ) 
and Z such that £ + 1 + £{Z) < s + 1, 

Z{uCt){x) - Zu{Ctx) - t^[Z,XJiu{Ctx) + 0,+^+t^z){t'+\u,Ctx), 

Z{uCt^){y) - Zu{Ct\) = ~t\Z,X^\u{Ct^x) + 0,+i+,(w.)(i'+\ Cr'a;). 

Formula Fg^gj^i- If s > A, let £ > 2 be such that £ + 2 < s. Then, for any 
Ct(Xu,j, . . . ,X^^) and Z such that £ + 2 + £{Z) < s + 1, there are numbers Cy,Cy, 
with \v\ — £ + £{Z) + 1, such that 
(3.14) 

Z{uCt){x)~Zu{Ctx)^t'^[Z,Xj\u{Ctx)+t^+^ CyX.,u{Ctx) 

\v\=l+t(Z) + l 

+ Oi+2+e(z){t'^^^,u,Ctx) 

Z{uC^^){x) - Zu{Ci^x) = -t''[Z,X^]u{Ci^x) + t^+i CyX^u{C^^x) 

\v\=e+e{z)+i 

+ Ot+2+l(Z){t^+^.U,Ct^x). 

Cancellation property. If s > A, let £ > 2 be such that £+2 < s. If formulae Ff^i . . . , 
Fe,e+2 hold, then, for any Ct{Xwi , • . • , X^i) and Z such that £ + 2 + £{Z) < s + 1, 
the coefficients Cw,Cw in p.l4l) satisfy 

(3.15) {cw -\-Zw)Xy^(x) — Q for any x ^ K. 

\w\=l+l{Z) + \ 

Formulae -Ff.r, with £ + 3 < r < s. Let s > 5 and assume that £ > 2 and r are such 
that £ + 3 < r < s. Then, for any CtiX^-^ , • • ■ , X^,,) and Z with r + £{Z) < s + 1, 
there are Cy,Cy such that 

r~l+l(Z) 

Z{uCt){x) - Zu{Ctx) = t^[Z,Xy,]u{Ctx) + Y i'"'"^^^^c„X„u(Cta;) 

\v\=l+l(Z) + l 
+ Or+i{Z){t'',U,Ctx), 

r-l+e{Z) 

Z{uCt^){x) - Zu{C^^x) = ^t'^[Z,Xy,]u{C^^x) + Y t'^'"^~^^^^CyXyu{Ct^x) 

\v\=l>+l(Z) + l 
+ Or+t(z){t'' ,U,Ct^x). 

Observe again that in the formula -Fi,/c, £ is the length of the commutator which 
defines Ct, while k is the degree of the power of t which controls the remainder. 
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Proof of Theorem \3.4\ If £ = 2, wc have already proved the statement. See for- 
mulae (F2,i), (-F2,2), (^2,3) and (^^2,4), P- HH and recah property (|3.10|) of the 
remainders. The proof will be accomplished in two steps. 

Step 1. Let s > 4 and £ > 2 be such that £+2 < s. Assume that Fi^i, Fi^2, ■ ■ ■ , F£,i+2 
hold. Then the cancellation p.isp holds for any Ct {Xj^ , . . . , Xj^. ) and W such that 
e + 2 + £(W) <s + l. 

Step 2. Assume that for some £ > 2, all formulae Fi,k hold, for k = 1, . . . , s. Then 
formula -F^+i^fe holds, for any k = 1, . . . , s. 

Proof of Step 1. Let Ct = Ct(X^, , . . . , X^J and Z such that 1{Z) + £ + 2<s + l. 
Applying twice formula -^^,^+2, we obtain, 

Zu{x) ^ Z{uCt^Ct){x) 

= Z{uCt^){Ctx)+t^[Z,X^]{uCt^){Ctx) 

+ t'+^ cMuCt^){Ctx) 

\v\=l+l(Z) + l 

+ 0i+2+tiz){t'+\uCt\Ctx) 
(3-16) ^ Zu{x)^t^[Z,Xj\u{x) + t^+^ Z^X^u{x) 

+ 0,+,^z)+2 ,u,x) + t'[Z,X^] {uC^ 1 ) {Ctx) 

+ t'+^ J2 CyX,{uC^^){Ctx) 

\v\=i+e{z)+i 

+ 0,+2+iiz){t'+\uC-\Ctx). 

Observe first that property p.9p gives 

0£+2+^(z)(^^^^MC•^^Cta;) = 0^+3+^(2) a;). 

Later on, we will tacitly use such property many times. Recall that £ > 2. By 
means of Fi^2 and -Fi,i, respectively, we obtain 

[Z,Xj^{uC^^){Ctx) ^ [Z,Xj^u{x) + 02+i(z)+i{t^,u,x) and 

X^{uCt'^){Ctx) = X^u{x) + 02+e+e(z){t,u,x). 

Inserting this information into (j3.16p gives, after algebraic simplifications 

= t''+^ Y CyXyu{x) + Oi+2+e{z){t'^^'^,u,x) + t'^02+i+e(z)(t'^,u,x) 
\v\=e+e{z)+i 

+ t^^^(^ Y CyXyU{x) +Oi + 2 + l{Z){t,U,x)y 

\v\=l+l(Z) + l 

To conclude the proof, recall p.7p . divide by and let t ^ 0. 

Proof of Step 2. Let £ + 2 < s. We prove formula _F)+i_f+2, which is the most 
significant among all formulae -F£+i,i, . . . ,Ff+i,s- Indeed, once ^£+1,^+2 is proved, 
if £ + 3 < s, then formulae F^+i^^+s, . . . , F|+i,s follow easily from Fi+1^1+2 and from 
property (|3.10p . On the other side, the lower order formulae Ff+i^^ with k < t + 2 
are easier (just truncate at the correct order all the expansions in the proof below). 
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To start, recall that we are assuming that F£,i, . . . , Fi^s hold. Let, for i > 



Ct : — Ct(X^j, . . . and 



where X = X^g- Let Z be a commutator with £{Z) + £ + 2<s + l. In 
the subsequent formulae, we expand everywhere up to a remainder of the form 
0,+,+eiz)it'+^u,C?x). By 

Z{uC?){x) = Z{uCi^e-'^Ct){e'^x) + t[-X, Z]{uC^^e~'^ Ct){e'^ x) 
+ E ^ad1;,Z(uCr^e-*^a)(e*^a:) 

{A) + {B) + (C) + 0,+2+t(z) {t'+^ u, C°x), 
where we also used p.9p . Next we use Ff/+2 in (A). 

(A) = Z(uQ-ie-*^)(Cte*^a;) +t^[Z,X„](MCr'e-*^)(Cte*^a;) 

+ t'+^ cMuCi'e-'''){Cte'''x) + 0e+2+e(z){t'+^,u,C?x) 

\v\=e+e{z)+i 

=: (Ai) + (A2) + (A3) + Oe+2+nz)(t'+^u, C^x). 
We first treat {Ai). By ([XT2l) . 

(Ai) = Z{uCf^){e-'^Cte'^x)+t[X,Z]{uC^^){e-'^Cte'^x) 

(3 18) fk 

+ ^-ad^Z(wCr^)(e-*^Cte*^x)+0,+2+,(2)(t^+2,w,C°:r). 

fe=2 

Consider now the various terms in (Ai). First use i^£.£+2 to get 

Z{uCi^){e-'^Cte'^x) = Zu{C°x) ^ t'^[Z, X,,]u{C°x) 

+ J2 c^X^u{C°x) 

\v\=t+e{z)+i 

+ Oe+2+,iz)(t'+\u,C°x). 

Moreover, by F£,£+i we get 

t[X, Z]{uCi^){e~'^Cte'^x) 

- t{[X, Z]uiC°x) - t'[[X, ZlX^]u{C°x) + 0,+eiz)+2it'+\u, C^x)}. 

Finally, we use in the fc— th term of the sum in p.lSp . Observe that 

^ + 2 — A: G {1, ...,£} so that we use only remainders. 

^ad^Z(«Cr^)(e-*^Cte*^x) = *-^[ad'^xZu{C^x) + 0,+,^z)+2{t'+'-\u,C?x)} . 
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Therefore 

\v\=l+l+l{Z) 

+ t[X, Z]u{C°x) - t^+i [[X, Z], X„]M(C°a;) 

k=2 

Next we consider {A2). Formula p.l2p gives 

+ t^+i[X, [Z,X^]]{uCr^){e-'''Cte'''x) + 0,+,^z}+2(t'+^u,C°x). 
Since £ > 2, formulas i^£^2 and Fg^i give respectively 

t^[Z,X^](«Cr')(e-*^C'te*^x) ^ t'[Z,X^]u(C?x) + Oe+iiz)+2{t'+\n,C^x), 
t'+^[X, [Z,X^]](uC7r')(e-*^Cte*^x) = t'+\X, [Z, X^]]uiC?x) 

+ Oe+e^z)+2it'+^.u,C^x), 

so that 

{A2) = i^[Z,X^]^/(C°a;) [Z,X^]]u(C°x) + Oe+e^z)+2{t'+^u,C°x). 

To handle (A3), observe that a repeated application of (I3.12p gives 

(A3) = i^+i J2 c„x,u(c°x) + o,+,(^)+2(^'+^ u, c°x). 

\v\=i+e{z)+i 

Next we study (B). Start with formula i^^^^+i: 

(B) = Z](iiCr'e-*^)(Cte*^a;) Z], X^](uCr'e-*^)(Cte*^a;) 

+ 0i+eiz)+2it'^^u,C°x) 
= t[~X, Z]{uC^^e-'^){Cte'^x) 

+ t'+^ [[-X, Z] , X^HC^x) + Oe+eiz)+2{t'+^u, C°x) 
=: (Bi) + {B2)+0,+e^z)+2{t'+^u,C°x), 
We first consider (i?i). In view of p.l2p . we obtain 

^ j-k 

(Bi) = t[-X,Z](wCr^)(e~*^Cte*^x) -t^ -ad^[X,Z](«Cr')(e-*^Cte*^a;) 

fc=i 

+ tO,+,(2)+2(t'+\«,Cfx). 

But by Fi^i+i we get 

Z]{uCY^){e-*^ Cte'^ x) ^ t[-X, Z]u{C?x) - t'^+^[[-X, Z],X^]u{C°x) 
+ 0e+i^z)+2it'+^u,C?x), 
while for any A; = 1, . . . , formula Fij^i-k gives 

t-ad^([X, Z])(uCri)(e-*^Cte*^x) 

= ^ad^+iZ«(COx) +0,+,(z)+2(i'+',w,C^?a:). 
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Therefore 



kl 



Observe that t'^+^[[X, Z],X^]u{C?x) = -(B2). 

Finally we consider (C). In the fc— th term of the sum use formula 
Then 

f+i 

(C) = -ad^;fZ(MCr'e-*^)(ae*^a;) + 0,+2+£(z) Cj'a;) = by jSH 

fe=2 

= EH ^ lyadiad^_;,Z(z.Cr^)(e-^C,e*^x) 

= E E ^(-l)'ad^+''Z^.(C^)+0,+,(zH2(^'+^u,C^). 
k=2 h=a 

Collecting together all the previous computations and making some simplifica- 
tions (in particular we need here the cancellation property p.isp ). we get 

Z{uC?){x) ^ (A,) + (A,) + (A3) + (i?i) + (i?2) + (C) 

= Zu{C°x)+t^+^ - [[X,Z],X^]uiC?x) + [X, [Z,X^]]u{C°x)} 

i+i ,k ( ,k+i 

+ E J^_^d'kZu{C^x) - _ad^+lZ^.(C^) 

k=l ■ k=0 

i+1 e+i-k k+h 

+E E ^(-l)'ad^+"z«(c^)+o,+,(z)+2(^'+^^,c^) 

k=2 h=0 

ZuiC^x) + t'+'{- • • } + (1) + (2) + (3) + 0,+,(z)+2(i'+', u, C?x). 

The Jacobi identity gives . . } t^+i[Z, [X, X^]], which is the desired term. 

Ultimately we need to consider all the terms with sums. Changing k and h in 
(2), we may write 

i+ii+i-k f,+h 
(2) + {i) = YY. {-if^'^^TZuiC^t^) and 

k=l h=0 



(1) + Zu(C^) = ^ad^Zu(COx). 



h=0 

Therefore, 



i+ii+i-k k+h 
{l) + {2) + {3) + Zu{C?x)^Y E (-l)'TnTa4+'MC^ 



fc!/i! 

k=0 h=0 



E( E ^)i^ad5,Z«(C,"x) = Zti(C^), 



s— s 
A;,/i>0 
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because } —rrrr = for all s > 1 . The proof of Step 2 and of Theorem 13.41 is 
^-^ k\h'. 

k-\-h—s 
k,h>0 

concluded. □ 

3.3. Derivatives of approximate exponentials. Here we give the formula for 
the derivative of an approximate exponential. All the subsection is written for the 
mollified vector fields X" , but we drop everywhere the supesrcript. 

Theorem 3.5. There is tg > such that, for any £ G {2, . . . , s}, w — {wi, . . . , wi), 
letting Ct — Ct(X^j , ■ ■ ■ , X^,,), there are constants a^, o,^ such that, for any x G K , 

(3.19) -u(Ctx)=it^-^X^u{Ctx)+ aJ''\-^X,u{Ctx)+0,^^{t\u,Ctx), 

\v\=l+\ 

1 s 

—u{C^^x) ^ - a^-^X^u{Ct^x) + aJ^'^-^X^uiCt^x) 
(3-20) \v\=i+i 

+ Os+i{t',u,C^\). 
where, if 1 = s, the sum is empty, while, if2<£<s, we have the cancellation 

(3.21) +aw}Xw{x) — for all X ^ K. 

\w\=t+l 

From Theorem 13.51 it is very easy to obtain the following result: 

Theorem 3.6. For any commutator Xy^ with length \w\ — £ < s, we have, for 
X K and t G [—to, to], 

d 

-«(ef ™ (x)) = X„M(ef - (x)) + Y a-(i)^-"(ef ™ i^)) 

(3.22) \v\=£+i 

+ 0,+l(|^|(^+^-^)/^^.,ef™(x)), 

where the sum is empty if £ — s, ayj{t) = £~^ayt^^^^^^^^^\ if t > and ay{t) — 
-~£^^'dy\t\^^^^l^^^^'> if t < 0. In particular, the map {t,x) i — 5- e*'^™ (x) is of class 
on {—to, to) X fl' . 

Example 15.71 shows that, even if the vector fields are smooth, then the map 
exp^{tXyj) is at most C^'" for some a < 1. 

Proof of Theorem\3lB Formula (|3?22|) follows immediately from (|3?T9| . (|3?20l) and 
the definition (|2.3p of e*. We only need to show now that the map is in both 
variables t,x. 

Recall that the vector fields X^ are smooth and in particular C^. By classical 
ODE theory, see |Ha[ Chap. 5], any map of the form (n, . . . , r^, x) ^ e'^^^^i . . . e^"^^"x 
is if the r^'s belong to some neighborhood of the origin and x G fi'. This 
implies that for any commutator X^, the map V^; exp^(tX^)x is continuous on 
(t, a;) G / X ri', while ^ exp^(iX„)a; is continuous in (t, a;) G (/ \ {0}) x W . 
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Next we prove that -^exp^{tXw)x exists and it is continuous also at all points 
of the form (0,x). Observe first that formula (|3.22[) gives 

(3.23) lirn — exp^{tXw)x — uniformly in a; G 51'. 

Now, p.23p and I'Hopital's rule imply that ^ exp^{tXyj)x\^_^ — 0, for all x G fi'. 
Finally, the uniformity of the limit ensures that the map {t, x) i-^ exp^,{tX^)x is 
actually continuous in / x fi'. □ 

Proof of Theorem \3.5\ We divide the proof in two steps. 

Step 1. We first prove that, if and ((X^ hold for some w with ^ := |w| e 

{2,...,s — 1}, then the cancellation formula (|3.2ip must hold. Fix such a w and 
start from the identity ■^u{C^^Ctx) — 0. 
(3.24) 



s=t 



= ^u{C;'Ctx) + ^iuC-')iCsx) 
as s=t as 

= -£t'^~^X^u{x) + ayt'^Xyu{x) +Oi+2{t^^\u,x) +£t'^-^X^{uC^^){Ctx) 

+ aJX,iuCr^)iCtx) + 0i+2it'+\uC^\Ctx). 

\v\=e+i 

But, since £ > 2, formula Fi,2 shows that 

t'-^X^iuC^^){Ctx) - X^u{x)} - t'-^02+\-^\it^, u, x) = Oi+2it'+\u, x), 
while Fi^i gives for any v with jwl = £ + 1, 

t^{X,iuC^^)iCtx) - X^uix)} ^t'Oi+\,\it,u,x) ^ Oi+2it'+\u,x). 
Divide llj^^ by t'^ and let t -> to get (IX^ . Step 1 is concluded. 



Step 2. We prove by an induction argument, that, if Theorem 13.51 holds for some 
£ e {2, . . . , s — 1}, then it holds for £ + 1. To show the result for £ = 2, it suffices 
to follow the proof below, taking into account that formulas p.l9p and (|3.20p are 
trivial, if ^ = 1. We use the notation in p.l7p for Ct and Cj*. In view of (|3.10p and 
of the already accomplished Step 1 , it suffices to prove that 

^u{C°x) ^{£+ l)t'^[X, X^]u{C°x) + Oe+2{t'^+\u, C°x) and 

(3.25) 

-u{{C?)-'x) = -{£ + l)t'[X,X^]uiiC^)-'x)+Oe+2{t'+\uAC?)-'x). 
We prove only the first line of p. 251) . The latter is similar. We know that 

j^iu{Ctx))^£t^-^X^uiCtx)+t' Y avX^n{Ctx)+Oi+2it'+\u,Ctx) 

\v\=£+l 

(3-26) ^u{C^^x) ^-£t^'^X^u{C^^x)+t^ V a^X^uiC^^x) 
at ^-^ 

t)|=£+l 

+ 0,+2(i'+\^^,Cr'a;), 
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with the remarkable cancellation (|3.21|) . Observe that at, = Oi, = 0, if ^ = 1. Next, 

as 

^■.Ai + A2 + As + A4. 
First we study ^1 + ^3, by (|3TT2|) and Fi,i+i. 

Ai + A3 =X {uCt^e-'^Ct) (e'^x) - X (uCT^e^*^) (^e'^x) = (by 

^t'[X, X^]u{C^x) + Oi+2{t'+\u, C^x). 
Next we study A2 + A4, by means of p.26p . 

A2 + Ai ^£t^-^Xy,{uCr^e-'^)iCte'^ x) +t'^ J2 ayXy{uC^^e-'^)iCte'^ x) 

\v\=e+i 

- £t'^-^X^u{C^x) + <^ ^ &yX^u{C^x) + Oi+2{t^+\u, C°x) 

\v\=l+l 

=it'^-^\^X^{uC^^){e-'^Cte'^x)+t[X,X^]{uC^^){e-'^Cte'^x) 
+ Oe+2{t^,u,C?x)} 
+ t' a,{X,uiC?x)+Oi+2{t,u,C°x)} 

\v\=£+l 

- it'^''^X^u{C°x) +t'^ a^^vu{C°x) + Oe+2{t^+\u, C?x). 

\v\=e+i 

Now observe that by formula F(^2 we have, if ^ > 2, 

t'-'{x^{uC^^){e-'''Cte'''x) - X,,u{C°x)} = Oe+2{t'+\u,C^x), 

while, if ^! = 1 the left-hand side vanishes identically. Thus, cancellation p. 211) gives 
A2+A4 = H^[X, X„]'u(C°x)+Of+2(t^+\ u, C°x) and ultimately = 
{t + l)t'[X, Xj\u{C^x) + Of+2(t'^+\ w, Cix). The proof is concluded. □ 

4. Persistence of maximality conditions on balls 

Here we establish a key property of stability of the 77— maximality condition. The 
argument, as in |TW] . is based on Gronwall's inequality. 

Theorem 4.1. Let Xi, . . . ,X„i he vector fields in As- Then, there are > and 
Eg > depending on the constants L and v in (12. Sp and (|2.2p such that, if for 
some ?7 e ]0, 1[ , X G X and r < vq, the triple {I,x,r) is rj—maximal, then for any 
y e B{x,rieor), we have the estimates 

(4.1) \Xiiy)~Xiix)\<^\Xi{x)\, 

(4.2) \Xiiy)\r'^'^ > C-'r,Aiy,r). 
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To prove Theorem 14. II we need the following easy lemma. 

Lemma 4.2. There is C > depending on L and v such that, given y £ f2 
and z G K", the linear system — ^ solution ^ G R"? such that 

\^\<C\z\. 

Proof. Take ?/ G and choose (fci, . . . , fc„) G S such that det(Ffcj (y), . . . , Y^^ (y)) > 
V. Let A := (Ffei (y), ■ • ■ , n„ (y)). Thus, \A-^\ < C/|det(A)| < C/i^, where C 
depends on L. The lemma is easily proved by studying the system = z with 



Proof of Theorem \4-.l\ Observe that if {I,x,r) is /y-maximal, then there is cr > 
which may also depend on /, x, r, such that (/, x, r) is Ty-maximal for the mollified 
X" for all a <a. Therefore, we will give the proof for smooth vector fields (without 
writing any superscript). The nonsmooth case will follow by passing to the limit 
as (T and taking into account that all constants are stable. 

Let J G 5 and let Xj{x) :— <leX\Yj^{x), . . . ,Yj^(x)\. Let X be a vector field of 
length one. Recall the following formula (see |NSW[ Lemma 2.6]): 

n 

xxj = (divx)Aj + det(- ■ • , yl.-^ , [X, i^-J, 5^.+, , . . . ) 

fc=l 

= (divX)Aj+ dct(...,r,,_,,[x,y,,],y,,^,,...) 
+ Y det(...,r,,_,,[x,y,j,y,,^,,...) 

k<n, i-i, —s 

=:iA)+ Y E (^)fc- 

k<.n, £j^<s k<n, ij^—s 

We claim that 

(4.3) /(-'^ |XAj(?;)| < -A(y,r) for all yen J e S r<ro. 

r 

To prove (|4.3p . observe first that, if y G O, then 

\{A){y)\<C\\j{y)\<Cr-''-'^K{y,r), 

by definition of A. This gives immediately the correct estimate for {A). Next we 
look at {B)k. Since ^-{Yj^) < s — 1, we get for y G 

I {B)k{y) I < I det ( . . . , y,,„, , [X, Y,,^, , . . . ) (y) I < CHy, r) r-'^-'^~\ 

Finally we consider {C)k- In view of Lemma 14.21 wc may write [X,Yji,]{y) = 
J2Ui^jk.iY'tiy), where < C\[X,YjJ{y)\ < C for any i = Therefore, 

\iC)k{y)\^\j2 ^^-^ det ( . . . , Y,,_, , Y, , y,,^, , . . . ) (y) 

<c^|det(...,y,,_,,r„r,,^,,...)(y) 

< C^r~^(^)+^^^-^'A(y,r) < CA(y, r)r-^(^)-\ 
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because ij^. — s > £i, for any i ~ 1, . . . ,q. This finishes the proof of ()4.3p . 

Let 7 : [0, r] — > R" be a subunit path with 7(0) = 7(r) = y. Assume that 
X € K and r is small enough to ensure that B{x,t) C il. Then, by (|4.3p 

(4.4) r^('^) |A^(y) - A,;(x)| < - T A(7(s), r)ds. 

^ Jo 

r / \ 1/2 

To have differentiability, define A2{x,r) :— < (Xj{x)r^^^n > , which is 
equivalent to A{x,r), through absolute constants. Therefore, (|4.3p gives 



^A2(7(.),.) 



C 



A,(-,(,),,) E^'^^'^^^(7(^))^-^-^(7(^)) ^ 7A2(7(«),0- 
Integrating the inequality we get 

(4.5) |A2(x,r) - A2(7(s),r)| < A2(a;,r)(exp (^s) - 1^ 

Moreover, integrating (|4.4I) for J = I, we get for < s < r, 

|/(^)AH7(5)) -/('U/(:e)| < - r A2iliT),r)dT 



r 
C 
r 

Cs . , , Cs 



(4.6) - / A2(x,r)e^^/''dr = A2(x,r)(e'='''/''-l) 



< —A{x,r) < — /(^) |A/(2;)|, 
r rrj 



because (/, x, r) is 77-maxinial. Then (|4.ip and (14.21) follow from (|4.6p and (|4.5p . □ 

At this point we can prove the following statement. 

Corollary 4.3. Assume that (I, x, r) is rj— maximal for the vector fields Xi, . . . , Xm 
in As and for some x £ K and r < tq. Then for any y G B{x, eor]r), i = 1, . . . , 
we may write Yj{y) = X]fc=i '^j^ikiv)' where \aj \ < ^r^'fc"^^'. 

Proof. Write Yi instead of Yi{y). Look at the linear system Yj = X]fc=i '^'j^ik- The 
Cramer's rule furnishes 

_ det[lj^ ; ■ ■ ■ ; yifc-u Yj, Yj^^-^ ; ■ ■ ■ ; Yj^^] ^ ^^li^ -ij 

det[Yi-^, . . . ,Yii__-^,Yii_,Yi^^-^, . . . ,Yi^] rj 
by (|4.2p , and the proof is concluded. □ 



5. Ball-box theorem 

5.1. Derivatives of almost exponential maps. Here we take Hormander vector 
fields Xi, . . . , Xm in As- When we choose an n— tuple / = (ii, . . . , i„) G S and the 
n— tuple is understood, we write Yi^ = Uj and i{Yij ) = i{Uj) = dj , for j = I, . . . ,n. 
Our first result is: 

Theorem 5.1. There are (7Q,rQ,ao and C > such that, given / e 5, then, for 
any j — 1, . . . ,n, cr < a^, x £ K and h G Qi{ra), the map Ef ^ satisfies 

(5-1) 4-ElAh)^UJ{EJJh))+ ^ aJ(h)X^{ElJh))+ujJ{x,h), 
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where the sum is empty if dj — £{Uj) ~ s and the following estimates hold: 
(5.2) |a;J(a;,/i)| < C||/i||^+^"''^' for any x e K heQiiro) cr < CTq, 



(5.3) |a}"(/i)| < C||/i||^^' '^^^ for allheQiiro) \w\ = d^ + 1, . . . , s. 

Theorem 15.11 holds without assuming T^-maximahty. If the triple (/, x, r) is 
77— maximal, we have more. To state the result, fix once for all a dimensional 
constant x > such that 



(5.4) 



det(/„ + A) e 



for all A e 



with norm \A\ < x- 



Theorem 5.2. Let ro,(To > as in Theorem \5.1l Given an rj— maximal triple 
{I,x,r) for the vector fields Xi, with x e K, r < ro and a < (Tq, then, for any 
h € Q/(eo'7f), j — 1, . . . ,n, we may write 



d 



EUh) - UJ{EfJh))+J2{b';r{x,h)U^{EJJh)), 



k=l 



(5.5) 

where, 

(5.6) \ib';y{x, h)\<- Mlrd^^-d, ^ ^^d,~d, ^ ^ Qiiveor). 

J Tj r 

Remark 5.3. Estimate (15.61) and the results on Section 0] imply that, under the 
hypotheses of Theorem 15.21 we have 



\\l{x)\<c,\yi{Ei,{h))\<C2 



<C3|AJ(x)| for aU G g/(eo77r). 



Proof of Theorem \5.1\ Without loss of generality we may work in . We drop 
everywhere the superscript a. Then Ei{x,h) — e^^'^^e^^'^^a;. Denote by u the 
identity function in M". 

We first look at d/dhi. Theorem 13.61 with = Ui and t — hi gives: 

d 



dhi 



s^^^e^^^x) =C/iu(£;/,,(/i))+ Mhi)XMEi,4h)) 

\v\=di + l 

+ 0,+i{\hi\^'+'-''^y'\u,Ei^,ih)), 

where we know that \ay{hi)\ < C\hi\^^'"^-'^^'>^'^^ and 

\0,+i{\hi\^'+'-'''^^''\u,Ei^,ih))\ < 

Thus, since \hi\'^/'^^ < \\h\\i, we have proved ([^?TU)) and IjUJTl for j = 1. 
Next we look at the variable /12. Theorem 13.61 gives 
d 



dh 



(5.7) 



+ a,{h^)X.{ue1^^-){e^,^^^x) 

\v\=d2 + l 

where we know that |a„(/i2)| < C|/i2|(l^l"''^)/'^^ < C||/i|| and 
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Now, a repeated application of formula p.l2p gives 
C/2(ue^^0(e^'''a;) = U2u{Ej,,,{h)) 

S — d2 

(5.8) + Co,h["'+---+""^^'''ad%l---ad2U2u{Ei,Ah)) 

QiH hct„ = l 

where we denoted briefly e^'^^i = e~ i ■ • • e~ i " , where u is suitable, /ii > 
and Zj e {±Xi, ■ • • ± X,n}. li hi < the computation is analogue. 

To conclude the proof it suffices to write all the terms Xy(ue'^'^^'^)(e'^^^'^x) in 
(|5.7p in the form Xyu(^Ej,x{h)) plus an appropriate remainder. The argument is 
the same used in equation (jS.Sp and we leave it to the reader. □ 



Proof of Theorem \5.2l The proof relies on Corollary 14.31 We drop everywhere 
the superscript a. If {I,x,r) is 77— maximal, then (14.21) gives |A/(i?/_a;(ft.))|r^^^^ > 
C^^7]A{Ej^x{h),r), as soon as ft- £ Qi{£ow)- 

Write briefly E instead of Ei^x{h) . Looking at the right-hand side of (|5.9p . 
we need to study, for any word w of length \w\ — £, with £ ~ dj + 1, . . . , s, the 
linear system {h)X^,{E) — X]fe=i ^^jUk{E) and we must show that the solution 

satisfies if 11^11/ < ^oW- By Corollary [Ol write Xy,{E) = Y.PiUk{E), 

where \p'l\ < c:^<ifc-K«l. Thus 



J J \ r / rj 



Here we also used (|5.1ip . This gives the estimate of the terms in the sum in ([57 
Next we look at the the remainder ujj. Fix j — 1, . . . ,n. We know that \ujj\ < 

C||/i||j^^ '^^ and we want to write coj = J2k^j^k{E) with estimate (|5.6p . It is 
convenient to multiply by r'^J . Let r'^^ujj =: G R" and ^'^ = r'^^bj. Thus it 
suffices to show that we can write 6 — ^^Uk{E), where S,^ satisfies the estimate 



\ek\ < c\m^dk ^ We know that 



k\ ^ C \\h\\„di._ 

s+l-d,d^_r^(\\Hl-'+'-''^ 



To estimate we follow a two steps argument: 

Step 1. Write, by Lemma W?I[ 6 = some e satisfying 

H<c|^l<c(My+'"'v«+i. 

Step 2. For any i — \,. . . ,q write Yi{E) — Ylk^i ^i^kiE). This can be done 
in a unique way and estimate |A*^| < ^j-dk-i{Yi) j^olds, by Corollarv 14.31 
Collecting Step 1 and Step 2, we conclude that 

4=1 

as required. This ends the proof. □ 



\ r J rj rj r 



Next we pass to the limit as cr ^> in both Theorems 15.11 and 15.2 
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Theorem 5.4. // {I,x,r) is rj— maximal for some x G K, r < tq, then the map 
^-^■■^^Qiieovr) locally hiLipschitz in the Euclidean sense and satisfies for a.e. h, 

EiAh) = Uj{Ei^^{h))+ Yl aJih)X^{Ei.4h))+uj,ix,h) 



(5.9) 



\w\=dj + l 
n 

U,{Ej^,{h)) + ^ b'^ix, h)Uk{Ei^,{h)), 



where the sum is empty if dj — £{Uj) — s and otherwise the following estimates 
hold: 

(5.10) \ojj{x,h)\<C\\h\\"j'^^~''' forallxeK heQi{ro), 

(5.11) \aJ{h)\<C\\h\\['"^-''' if \w\^dj + l,...,s and heQiiro), 
and 

(5.12) \b''ix, h)\ < -MLrd>^~d, < ^^d,-d, ^ g Q/(eor?r). 

J rj r 

Remark 5.5. If s > 3, then vector fields of the class As are C^. Then, as discussed 
in the beginning of the proof of Theorem 13.61 the map Ei^x is actuahy smooth. 
This is not ensured if s = 2. 

Proof of Theorem \5.4\ Look first at the map E"^ — Ef ^ defined on Qi{ro). 
Denote by E its pointwise hmit as u — > 0. By Theorem. 15.11 the map E"^ satisfies 
for any a < ctq, \\h\\i < tq, 

_d_ 
dh 



(5.13) ^E^{h) = UJ{E''{h))+ ^ a]'{h)X:,{E^h))+^^{h), 



''J 



-1 



where aj do not depend on a, while |a;J(/i)| < C||/i||j^"'^ , uniformly in u < ctq- 

Let E'^'' be a sequence weakly converging to E in W^'^ . Therefore, by (|5.13l) . 
the remainder wj*" has a weak hmit in . Denote it by Wj. Standard properties 

of weak convergence ensure that |wj(/i)| < Coll/ijl/^^ '^^ for a.e. h. Therefore, we 
have proved the first fine of (|5.9p and estimates (j5.10p and (|5.11l) . To prove the 
second line and (|5.12p . it suffices to repeat the argument of Theorem l5.2i taking into 
account that the main ingredient there, namely Corollarv 14.31 holds for nonsmooth 
vector fields in Ag. 

Now we have to prove the local injectivity of E. Let a be small enough to ensure 
that {I,x,r) is 77-maximal for the vector fields . In view of Theorem 15.21 we 
can write dE-'ih) = {E" {h)){In + B"{h)), where V = [J7f , . . . ,U^], and the 
entries of the matrix B satisfy ^ Cr'^''^'^^ , by (15. 5|) . Fix now ho e Qi{eorir), 

where eor] comes from Theorem [5.21 We will show that E" is locally one-to-one 
around ho, with a stable coercivity estimate as cr —> 0. By Proposition 12.41 and by 
the continuity of the vector fields Uj, we may claim that for any S > there is 
g>0 such that |[//(0 - U^{C)\ < S as soon as C e i^, |C - C'l < g and a < g. 
Recall also that E"^ is Lipschitz continuous, uniformly in cr, see (|5.13p . Then, for 
any S > there is p > such that -Beuci(^Oi q) C Qi{sow)i s.nd, ''d\h — ho\<g and 
a<g, then \U'' [E" {h)) - U" {E" {ho))\ < S. 
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Take h, h' G BeucK^o, By integrating on the path j{t) — h' + t{h — h'), we 
have 



E^h) - E'^ih')\ = /' U'^iE'^mil + B^j)){h - h')dt 
Jo 



> 



U''{E''{ho)){I + B^{j)){h~h')dt 



{U'^iE'^m - U%E'^{h^))) {I + S^(7))(/» - h')dt 



To estimate from below the first line recall the easy inequality \Ax\ > C 



-1 |dctA| I 



for all A e R"^". The pointwise estimate \ {b'^y\ < xr' 
rdk-d,^ Thus 



di,-d. 



gives|/„'(6f)-(7))dt| 



< 



det 



gives 
\l + B-{^))dt 



dot / 



B''{-/)dt 



1 

> -. 

- 2 



Observe also that |/ + B°'{j)\ < Cr^~'^ . Moreover, in view of Remark |5.3[ it must 
be |det [/°'(i?'^(/io))| > C^^|A/(a;)|, for small <t. This suffices to estimate from below 
the first line. To get an estimate of the second line we need again the inequality 
\I + B'^{-f)\ < Cr^-". Eventually we get 

lE^h) ~ E%h')\ > {C^^\\i{x)\ r("-i)(^-i) - C^T^-'5}\h - h'l 

for any a < g and \h ~ h'\ < g. The proof is concluded as soon as we choose 
S = S{I, X, r) small enough and let cr — > 0. 

This argument shows that the map is locally biLipschitz, as desired. □ 

5.2. Fullback of vector fields through scaling maps. Given an ry-maximal 
triple {I,x,r), for vector fields of the class As we can define, as in [TWJ, the 
"scaling map" 



(5.14) 



I ,x^r 



n 

(i) = exp(^i,Ay,^.): 



for small \t\. The dilation 5l{t) := (tir^'i , . . . , tnV^'^ ) makes the natural domain of 
^i,x.r independent of r. Observe the property = It turns out that, 

if Xk {k = 1, . . . , m) denotes the puUback of rXk under ^i.x.r, then Xi, . . . , Xm 
satisfy the Hormander condition in an uniform way. This fact enables the authors 
in [TW| to give several simplifications to the arguments in |NSWj . 

We can also consider the scaling map associated with our exponentials. Namely, 

(5.15) Si^^At) := exp,(ii/'ir,J ••■exp,(i„/-r, J = (<5;t). 

It will be proved in Subsection 15.31 that, if {I,x,r) is 77-maximal, then S is one-to- 
one on the set {\\t\\i < eorj}. If we assume that the original vector fields are of class 
C^, see Remark 15.51 thus, we may define, for all i E {1,. . .,q} the vector fields 



Theorem 15.41 thus becomes 
Proposition 5.6. LetXi, 



, Xm be vector fields in As- Let (/, x, r) be an rj— maximal 



triple and let S :— Si^x,r be the associated scaling map. Then S\ 



is a locally 
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biLipschitz map and for a.e. i G Qi{£or]) we may write 

n 

(5.16) 5,(5tJ = AK,^(5(t)) + ^6)/»^y,,(5(t)), 

fc=i 

where the functions bj satisfy 

(5.17) \^\<^\\t\\j for a.e. teQiieov)- 

Moreover, if S is and we write Yi. = dtj + '^'ji^)'^tk! then 

C 

(5.18) \a''{t)\<—\\t\\i for all teQiieov). 

Proof. Formula (|5.16p is just Theorem l5.4l The proof of (|5.18p is a consequence of 
(15.171) and of the following elementary fact: given a square matrix B e M"^" with 
norm \B\ < i, we may write (/„ + B)^^ = /„ + A, and \A\ = \ Y.k>ii^^)''\ ^ 
2\B\. " □ 

In the framework of our almost exponential maps, estimate (j5.18l) is sharp, even 
for smooth vector fields. The better estimate Yi^ it) = dj+J2k o-j{t)dk with |aj(i)| < 
C\t\, obtained in |TW| for maps of the form (|5.14p . generically fails for S, as the 
following example shows. 

Example 5.7. Let Xi — di, X2 ~ aixi)d2 with a(s) = s + s^, or any smooth 
function with a(0) = and a'(0) 7^ 7^ a"(0). A computation shows that 

exp,(/i[Xi,X2])(xi,a;2) = (xi,X2 + {a(a;i + |/i|i/2) _ aix^)]\h\-^'''h) . 

Therefore, at (a;i,X2) — (0,0), for small r, we must choose the maximal pair of 
commutators Xi, [Xi,X2] and we have 

SitiM) = exp,(tirXi) exp,(i2r2[Xi, X2])(0, 0) = (tir, air\t2\''^)\t2\-^'h2r) . 

= {hr,t2r^ + \t2\'/H2r^). 

Therefore, 



Clearly the formula [Xi,X2] = + 0(|t|) cannot hold, but (|5.18p holds. Observe 

also that, writing [Xi, X2] = /(i,2) • V, we have sup 1X2/(1,2) I — sup |t2r^^^ — +00, 

tea ' tG(7 

for any neighborhood U of the origin. Therefore, the vector fields Xi,X2 do not 
even belong to the class ^2- 

5.3. Ball-box theorem. Here we give our main result. We keep the notation from 
Subsection 15.11 

Theorem 5.8. Let Xi, . . . , X.^ be Hormander vector fields of step s in the class 
As- There are rg, rg, Cq > 0, and for all rj e (0, 1) there are > such that: 

(A) if (/, X, r) is rj— maximal for some x e K , r < ro, then, for any e < we 
have 

(5.19) Ei^^iQiier)) D B,ix, C~'e'ry, 
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(B) if {I,x,r) is rj^maximal for some x £ K, r < ro, then the map Ei,x is 
one-to-one on the set Qi{£rir). 

Remark 5.9. Observe that in the right-hand side of inclusion (|5.19p we use the 
distance dg. Therefore, a standard consequence of (|5.19p is the weh known property 
B{x,r) D BEix,C~^r''), for any x G K, r < rg. See [FP] . 

Remark 5.10. In the paper |TW| the authors use the exponential maps in (|1.2I) . 
If the vector fields have step s, then their method requires that the commutators of 
length 2s are at least continuous. (Here, we specialize jTW) to the case e = 1 and 
we do not discuss the higher regularity estimate (TW[ Eq. (2.1)].) This appears in 
the proof of (22) and (23) of [TWl Proposition 4.1]. Indeed in equation (29), the 
commutator [Xw , ] must be written as a linear combination of commutators 
Xu,', where for algebraic reasons it must be \w'\ = \w\ + |wfc|. If \w\ = \wk\ = s, 
then commutators of degree 2s appear. A similar issue appears for [1^-, 1^^] at the 
beginning of p. 619. 

Remark 5.11. The reason why we introduce two different constants tq and ?o 
is that Co,eo and tq depend only on L and in (|2.2p and (|2.5I) (together with 
universal constants, like m,n and s). The constants and C,j depend on iy,L 
and 1] also. We do not have a control of tq (which appears only in the injectivity 
statement) in term of L and v. This is a delicate question because of the covering 
argument implicitly contained in }NSW| p. 132] and described in M, p. 230]. Below 
we provide a constructive procedure to provide a lower bound for Fq in term of the 
functions A/. See p. 1311 This can be of some interest in view of applications of our 
results to nonlinear problems. 

Remark 5.12. The proof of the injectivity result would be considerably simplified 
if we could prove (uniformly in x e r < tq) an equivalence between the balls and 
their convex hulls, i.e. coB(x, r) C B{x, Cr), which is reasonable for diagonal vector 
fields (see jSW; Remark 5]) or a "contractability" property of the ball B{x, r) inside 
B{x,Cr). See [Sem[ Definition 1.7]. Unfortunately, in spite of their reasonable 
aspect, both these conditions seem quite difficult to prove in our situation. It 
seems also that the clever argument in [TW\ p. 622] can not be adapted to our 
almost exponential maps. 

In the proof of inclusion (|5.19l) , we follow the argument in |NSW1 IM] . Before 
giving the proof, we need to show that some constants in the proof actually depend 
only on L and i' in (|2.2p and (|2.5p . Basically, what we need is contained in Corollary 
113] and in the following Lemma. See |NSW[ p. 129]. 

Lemma 5.13. Assume that {I,x,r) is rj— maximal for vector fields Xj in As, 
X € K, r < Tq. Let a > be such that (I,x,r) is rj-maximal for the mollified XJ 
for all (7 <a. Let U C Qi{£rjf), where £^ comes from Theorem \5.4\ and assume 
that a diffeomorphism ip = (V\ . . . ,"0") : E'^ {U) -> U satisfies i^iE^Qi)) = h, 
for any h eU. Then we have the estimate \U" ij}^ {E" {h))\ < Cr'^''"'^' , for all h^U , 
where C is independent of a. 

Proof. It is convenient to work with the map S'^{t) := E'^{Srt), so that (p := Si/r-t/j 
satisfies* = ipiS^^t)), for all t eV -.^ Si/rU. The chain rule gives d(^(S"^(t))dS"^(i) = 
/, for aU t e V. But, by (l5lB we have rfS""(t) = [r'^i C/f (S""), . . . , r'*"{7^(S"")](/ + 
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B^it)), where {B^it)] < ^\\t\\i, if \\t\\i < e^rj. Therefore we may write 
dip{S'')[r'^'Ui{S''),...,r'^-Un{S'')] ^ I + A" , 

where, as in the proof of Proposition 15.61 |v4°'(i)| < 2|_B°'(t)|. This imphes that 
\r<^m^'p'^{S''{t))\ < C and uhimately that Ir'^^-'^'^L^V'^I < C, as desired. □ 

Proof of Theorem ] 5. 8[ (A). Since the vector fields Yj are not Euclidean Lipschitz 
continuous, if £j — s, we do not know whether or not any point in a p-baU of the Yj 
can be approximated by points in the analogous ball of the mollified Yj' . In order to 
avoid this problem, observe the inclusion Bg{x, r) C Bg{x, Cr) where C is absolute 
and the distance ^ is defined using the family {Yj : ij < s — l,dk : fc = 1, . . . , n}, 
where we assign to the vector fields dk maximal weight s. Therefore, we will prove 
the inclusion using the distance g, which is defined by Lipschitz vector fields. 

Let (/, X, r) be a ry— maximal triple for the original vector fields Xj and let 
a be as in Lemma 15.131 Let y G Bg{x,C~^e'^r), where e < e,,, and e,, comes 
from statement (A), while C,, will be discussed below. Thus, y — 7(1), where 
7 - E^,<.-ifc.5G(7) + Er=i&j-5.(7) a.e. on [0,1], with \b,{t)\ < {C-^e^ryOr^) 
and \h{t)\ < {C-^e^ry for a.e. t e [0,1]. Let also y'^ e Bg{x,C-^e''r) be an 

approximating family, y'^ = 7'^(1), where ■y'^ = Y.e,<s-i ^jYf {j'^) +Y,7=i bj^iil") 
a.e. on [0, 1]. Observe that y°' ^ y, a.s a ^ 0. 

Claim. If Cri is large enough, then for any a < a there is a lifting map 0'^{t), 
t e [0, 1], with e^iQ) = and such that 

(5.20) E^iO^it)) = 7'"(t) and ||r (t)||/ < er for all t e [0, 1]. 

Once the claim is proved, the surjectivity statement follows. 

To prove the claim the key estimate we need is the following. Let U C Qi{erir), 
a < a and assume that a C^— diffeomorphism = (-0^, . . . ,ip^) satisfies locally 
tfj{E'^{h)) = h, for all h e U, where, for some t G [0, 1], E"{U) is a neighborhood 
of 7'^(t). Then, for = 1, . . . , n and for all r close to t 

^r{r{ry 

n 

= 1 E b,ir)Y^^ril^ir))+Y.k{r)d,r{r{Ty 
ej<s-i i^i 

71 

£j<S k=l 
n n 

(5.21) +Y,h{r)J2a':{j^ryU^rh''{ry 

i=i k=i 

<Y.C{C~h'ry^^^^ ■ ^/^-^«) . CA-''^ 
+ C{C-^e'ry ■ -r'^^'-' ■ Cr'^^^-dk 

/-^/^— 1 — 1 

< ^e'^A < ^(er)'^". 
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The constant will be chosen below, while C depends on L, v, in force of Corollary 

which 



4.31 and Lemma [5.131 We used the estimate di — a'^U^ with |a*^| < j- 



follows from Lemma [4.21 and Corollary [ 

With estimate (|5.2ip in hands we can prove the claim along the lines of [Ml 
p. 228]. Here is a sketch of the argument. 

Step 1. If is large enough, then, if e'^{t) satisfies EiO^it)) = -^"{t) on [0, i], 
for some < < 1, then < \er, for any t <t. 

To prove Step 1, assume by contradiction that the statement is false. There is 
t < t such that 116''^ (Oil/ < k^f for all t < I and ||6''^(r)||/ = \er. Then for some 
/I G {1, . . . , n}, we have 



(5.22) 



/ 1 \ ~ 



< 



cc- 



{evY 



This estimate can be obtained writing locally 0'^{t) = tp{'^'^{t)) and using (|5.2ip . If 

we choose Cn large enough to ensure that < {^Y , then (|5.22p can not hold 

and we have a contradiction. This ends the proof of Step 1. 
Step 2. There exists a path 9"^ on [0, 1] satisfying i\b.2Q\ . 

The proof of Step 2 can be done as in [Ml p. 229] by a very classical argument, 
involving an upper bound "of Hadamard type" WdE" [6'^ {t))^^\\ < C, which holds 
uniformly in t. 

The proof of the statement (A) is concluded. □ 

Before proving part (B) of Theorem l5.8[ we need the following rough injectivity 
statement. 

Lemma 5.14. Let x E K and I such that Xi{x) 7^ 0. Then the function Ej^x is 
one-to-one on the set Qj{C~^\Xi{x)\). 

Proof. Observe first that for all j = 1, . . . , n and small cr, we have 



(5.23) 



< 



d 



Q^E^h) - U^{E%h)) + \U^{E{h)) - [/;(x)| < C\\h\\i, 



by estimates (j5.2p , (15. 3p and the d-Lipschitz continuity of . 
Fix h,h' e Qi{C^^\\i{x)\) and let -f{t) = h' + t{h-h'). Then 



\E'' {h) ^ E" [h' 



dE''{j){h- h')dt 



> \dE''{0){h -h')\- / {dE^i"/) - dE''{0)}dt{h - h') 

Jo 

> {C-^lX^jix)] - Cmax{\\h\\i,\\h'\\i}}\h - h'\. 

by ((5?23| and because dE''{0) = ^{x) = [f/f (a;), . . . , f/^(x)] has determinant 
A J (a;). The proof is concluded by letting ct — s> 0. □ 

As announced in Remark 15.111 we provide a constructive procedure for the "in- 
jectivity radius" Fq in Theorem 15.81 in term of the functions A/. Compare [Ml 
p. 229-230]. 
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Denote by Di, . . . , Dp all the values attained by as / S 5. Assume that 
Di < • • ■ < Dp and introduce the notation: 

(5.24) ^|A,(:.)|r^(^)=f]r^^ ^ |AKx)| =: r^^M.(:^), 

I j=i e{i)=D, j=i 

where /ij is defined by (|5.24p . Let Ei := K and, for all fc = 2, . . . 

Sfc := {x E K : ^.j{x) = for any j = 1, . . . , fc — 1}. 

Observe that Ei = iiT D ^ • ■ • 3 Sp. Let x £ iC. Take = min{j e 
{!,... ,p} : Hj{x) ^ 0}. Then choose Ix & S such that |A/^(x)| — max |A,7(a;) 

is maximal. Therefore, we have |A7^(a;)| ~ /Xj-f^,) (x), through absolute constants. 
From the construction above we get the following proposition. 

Proposition 5.15. There is C > 1 such that, letting := C~^\Xi^{x)\ for all 
X e K , then: 

(1) we have 

(5.25) |A/,,(2/)|ri(^-) > C~^Aiy,rx) for all y e B{x,eorx); 

(2) the map h H> Ei^{y,h) is one-to-one on the set Qi^{rx), for any y £ 
B{x,eQrx). 

Observe that Proposition 15.151 is far from what we need, because it may be 
infr^ — 0, (for example this happens in the elementary situation Xi = di,X2 ~ 

Xid2.) 

Proof. We first prove (1) for y = a;. Namely we show that 

(5.26) |A/^(x)|/(^"=) > |Aj(x)|/('') for ah J e 5 re [{),rx\, 

where — C^^|A/^ (a;)|, as required. Let J ^ S. If X,j{x) — 0, then (15.261) holds 
for all r > 0. If instead A,/(a;) ^ 0, by the choice of Ix it must be £{J) = £{Ix) or 
£{J) > (.{Ix). lit{J) = £{Ix), then ([g:26l) holds for any r > 0, because |A7^(a;)| is 
maximal, by the construction above. If £{J) > £{Ix), then 

|Aj(x)|r^('') < |A/,(a;)|/(^-) ^ Cr^^'''>-^^^-^ < \XiAx)\ ^ r < C-^\XiJx)\. 

Thus (|5.26p holds for any r < Vx, where Vx has the required form. 
The proof of (1) ior y ^ x follows from Theorem 14. II 

Finally, to prove (2) observe that, in view of Lemma l5.14| the map h ^ Ej^ (y, h) 
is one-to-one on Qi^{C^^\Xi^{y)\). But Theorem 14.11 in particular ()4.ip show that, 
if d{x,y) < EoVx, then \Xi^{y)\ and |A7^(a;)| are comparable. This concludes the 
proof. □ 

Proof of Theorem 1 5. 81 (C). Let pi < p he the largest integer such that Ep^ / 0. 
Then define the "injectivity radius" 

(5.27) r(pj) :— min Tx — min C^^|A/^(a;)| > C^^ min fipi{x) > 0. 
Denote also 

iip, = U n'n B{x,r^p^)), 

X G 

where the open set il' was introduced before (|2.2p . Recall that all metric balls 
B{x,r) are open, by the already accomplished Theorem (|5.8p . part (A). Then, by 
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Proposition 15 . 1 5] for any y £ f2pj^ there is a; G Spj^ such that the map h Ej^ (y, h) 
is one-to-one on Qi^{eorx) and {Ix,y,rx) is C^^-maximaL Recall that rx > 
on . 

Next let p2 < pi be the largest number such that Kp^ := Spj \ ilp^ ^ 0. Then, 

let 

r(p2) := min r^; > C^^ min l^-p^ix) > 0. 

We may claim that for any y G flp^ '■= \^xeKp ^' ^(^i''(p2))i there is a; £ Kp^ 
such that the map h >-)■ Ei^ {y, h) is one-to-one on the set Q/x (^o^a;) and (/a;, y, r^;) 
is C~^-maximal. 

Iterating the argument, and letting ?o = min{r(pj,)} we conclude that for any 
X G K there is a n-tuple /q = -^0(2;), and = qq{x) > vq such that Ei^[x, ■) is 
one-to-one on the set Qi„{^oQo) and (/o,a;,go) is C^^-maximal. Clearly, /q can 
be different from Ix- This is the starting point for the proof of the injectivity 
statement, Theorem 15. 8[ item (C). 

From now on I , x G K and r < ?o are fixed and (/, x, r) is 77— maximal, as in the 
hypothesys of (C). Let /q and qq be the n-tuple and the injectivity radius associated 
with x by the argument above. Recall that ^ ^o- Arguing as in [M, p. 230], see 
also |NSW[ p. 133], we may find a sequence of n— tuples / = /jv,/jv-i, ■•■ ,-^1,-^0 
and correspoding numbers < qn+i < Qn < ■ ■ ■ < Qn, with > tq, r G [qn+i, Qn] 
such that for any j = 0, 1, . . . , — 1, 

(5.28) \Xi^{x)\g'^'^^ > rjA{x, g), Vge [g^+i, g,]. 

In order to show that Ej = Ej^ is one-to-one on the set Qi{e,jr), for some 
Erf > 0, we start by showing that Ej-^ is one-to-one on the set Q/i(£^f?i), for a 
suitable e^. What we know is that Ej^ is one-to-one on the set Qio{go)- We also 
know that (|5.28l) holds for j = 0,1 and g = gi- Therefore, applying twice (|5.19p . 
we have 

(5.29) Ei,{Qi,{e^gi)) D Ei,{Qi.{C-^ Qi)) 2 -B^ (Qa (e>i)) . 

Assume by contradiction that Ei^{h) — Ei^{h') — y for some h,h' £ QiAs'^^Qi)- 
Let r{t) = h' + t{h — h'), t G [0, 1] be the line segment connecting h and h'. Let 
also j{t) = Ei^{r{t)). Since Ej^ is one-to-one (actually a diffeomorphism on 
its image), we may contract 7 to a point just by letting q{X,t) — Ei^i^XEJ^ (y) + 
(1 - X)El^^{-f{t))), where {X,t) G [0,1] x [0,1]. Observe that q is continuous on 
[0,1]2, and q{X,t) G QiA^v^i)^ by (109)) . Moreover q{0,t) = j{t) = Ei^{r{t)) and 
q{l,t) ~ y, for any t G [0,1]. By standard properties of local diffeomorphisms 
we may claim that there is a continuous lifting p : [0,1]^ — ?• Qii{£riQi) such that 
Ei^{p{X,t)) = q{X,t) and p{Q,t) = r{t) for all A and t G [0,1]. Next observe 
that both the maps A H> Ei^ 1)) and A H- Ej^ {p{X, 0)) are constants on [0, 1]. 
Therefore, since Ej^ is a local diffeomorphism, both A 1-^ p{X, 0) and A M> p{X, 1) 
must be constant. In particular p(l,l) = p(0, 1) = h' and p(l,0) — p{0,0) ~ h. 
Finally observe that the path 1 1-> p(l, t) must be constant, because Ei^ (p(l, t)) — y 
for all t G [0, 1]. Therefore we conclude that h — h' . 

Then we have proved that Ej^ is one-to-one on Qj^ (e'^gi). Iterating the argument 
at most N times, we get the proof of statement (C) of Theorem 15.81 
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6. Examples 

Example 6.1 (Levi vector fields). In order to illustrate the previous procedure 
to find fo we exhibit the following three-step example. In M"^ consider the vector 
fields Xi — dxi + aidxs and X2 = + a'2dx3- Assume that the vector fields 
belong to the class ^3. Let us define / = ^102 — X2ai. Morover assume that 
I/I + + 1X2/1 7^ at every point of the closure of a bounded set ft D K = il' . 

Assume also that / has some zero inside K. This condition naturally arises in the 
regularity theory for graphs of the form {(zi, Z2) G : Im(z2) = f{zi, zi, Re(z2))} 
having some first order zeros. See [CMj . where the smoothness of C^'" graphs with 
prescribed smooth Levi curvature is proved. 

In this situation we have n = 3,to = 2,s = 3 and Yi = Xi,Y2 = X2^Yj, = 
[Xi,X2] - fdx,,Y^ = [X,,[Xi,X2]] = {Xif - fdx,ai)dx,,Y5 - [X2,[Xi,X2]] = 
{X2f - fdx,,a2)dx3 - Thus, g = 5 and 

A(i,2,3)=/, d(l,2,3) = 4, 

A(i,2,4) ^X,f-fdx,a,, d(l,2,4)-5, 

A(i,2,5) ==A:2/ - /9j;3a2, d(l,2,5) = 5. 

Let us put Di 4,1)2 - 5 and, by (jSTM . = |/|,M2 = \Xif - fdx,ai \ + 
\X2f - fdx3a2\. In this situation Y^i = K, 1^2 = {x e K : Hi{x) = 0} = {x e X : 
f{x) = 0}. Hence, ^(s) = uYinxtz^^jx = min^gs^ max{|Xi/(a:)|, \X2f{x)\} > 0. Let 
^2 = Uajes^f^' n B{x,r(2)), with O' = K, and let i^i = Ei \ 0.2- Since ^1 C {x G 
K : f{x) ^ 0}, if ^ then r(i) = vciwixeKt Tx = min^jeKi |/(a;)| > 0. Finally, if 
Ki =/= then fg = min{r(]^), r(2)}, while if Ki = then fo — r(2). 

In next example we show a subelliptic-type estimate for nonsmooth vector fields. 
The argument of the proof below is due to Ermanno LanconcUi (unpublished) . 

Proposition 6.2 (Hormander-type estimate H ). Let Xi, . . . ,Xm be a family of 
vector fields of step s and in the class As- Then, given fl' CC and e G ]0, l/s[, 
there is Fq and C > such that such that, for any f G C^(f2), 

(6-1) [/]?:= / ^^lt'J}£ dxdy<C jj:\X,fiy)\^dy. 

d(x.y)<ro 

Proof. We just sketch the proof, leaving some details to the reader. For any I G S, 
let rtj := {x G H. : Io{x) = I}, where Io{x) comes from the proof of Theorem 
15.81 together with go = go{x) > ?o, see the discussion before equation (|5.28l) . If 
X G ri/, we have B(x, go) C Ei(x, Qi{Cgo)), where the biLipschitz map Ei satisfies 
< \detdEi{x,h)\ < C, for a.e. h G QiiCgo). Thus, 

f{x)-f{y)\\ , f , f , \fix)-f{y)\' 



nl - I ''^^^^'fS' dxdy <Y.I dx[ dy\ 



n' X si'_ 

d(x,y)<ro 



y|ri+2e 



< 



dx dh 



ill 



\fix) - f{Ei{x,h))\ 

n+2e 



2 



QiiCso) \x - Ei{x,h)\"+ 



Now observe that, arguing as in the proof of Lemma [5. 141 we have \Ei{x, h) — x\ > 
C^^|ft.|, if ||ft.||/ < Cgo. Let So = ma.Xx£K go{x). Next we follow the argument in 
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|LM| . Write Ei{x,h) ^ '^i{x, h,T{h)), where '^i{x,h,t), t e [0,T{h)] is a control 
function, with the properties described in jLMj . Therefore 



J Jn, JQiicSo) 



\f{x)-fiEiix,h))f^ 



< C 

< C 

< c 



dh 



dx 



\h\n+2e 
T(h) 



dh 



T{h) 



dt 



dt\Xf{^i{x,h,t))\ 

dx\xj{^i{x,h,t))\^y'^] 



1/2 1 2 



'/(C<5o) I"-! 



because x ^ ji{x,h,t) is a change of variable, by estimate T{h) < \\h\\i < 

and the strict inequahty e < 1/s. □ 

The borderhne inequahty ||/||i/s < C||X/||i2, which can not be obtained with 
the argument above, was proved in the smooth case by Rothschild and Stein [RoSj . 



7. Proof of Proposition 12.41 

Here we prove Proposition 12.41 By definition, (|2.1I) means that for all j, k G 
{!,..., m} and \w\ < s — 1 there is a bounded function Xj{Xkfw) such that for any 
test function V e Cf^(M"), 

(7.1) J {XkU){Xj^) = - J {X,{XkU) + diviXj)XkU}^b. 

If £) = dj-^ ' ' ' dj ioT some ji, . . . ,jp e {1, . . . , n} is an Euclidean derivative, denote 
by \D\ = p its order. It is understood that a derivative of order is the identity. 
The first item of Proposition 12.41 is a consequence of the following lemma: 



Lemma 7.1. Let Xi, . . . ,Xm be vector fields in As- Then for any word w with 
\w\ < s and for any Euclidean derivative D of order \D\ = p G {0, . . . , s — \w\}, we 
have 



(7.2) sup Df^ - {Df^) 

K 



< Ca. 



Note that, the case p = of (|7.2p provides the proof of item 1 of Proposition 



Observe also that, if |w| = s, then we have |/„ - f^\ < |/^ - ifwT\ + \fZ ~ ifwT\- 
Lemma 17.11 gives the estimates of the second term. The first one is estimated by 
means of the continuity modulus of fw, which is not included in L in ()2.2p . 



Proof of Lemma \7.1\ We argue by induction on \w\. If \w\ ~ 1, then the left hand 
side of (17. 2p vanishes. Assume that for some £g{1,...,s — 1}, (17. 2p holds for any 
word w of length £ and for each D with \D\ < s — £. Let v = kw be a word of 
length \kw\ = £ + 1. We must show that for any Euclidean derivative D of order 
< < s- (IL21) holds. We have /„ = Xkfn,-X^fk and f^ = X^f^-X^f^. 
We first prove ()7.2p when the order of D satisfies 1 < \D\ < s — \v\ — s — i — 1, 
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which can occur only if ^ < s — 2 (in particular this implies s > 3). The easier case 
is when D is the identity operator and it will be proven below. 

= D{XUZ) - {DX^Uf^^ - {DiXlfk) - {DX^hf"'^} 
=■■ (A) - (B). 

Omitting summation sign on a = 1, . . . , n, we may write 

= : (^i) + (^2) + (A3) + (A4). 

The estimate \{Ai)\ + K^a)! < Ca follows from the induction assumption. To 
estimate {A4) observe that 

1(^4)1 = / {if^:Y''\x) - f;:{x - ay)}DdMx + ayMy)dy 



< Ca, 

because fk is Lipschitz, while Ddafw € L^^. Indeed, since |w| = £, fw & W'^~^'°°. 
Moreover, D has length at most s — i — 1 so that Dda has lenght at most s — t. 
The estimate of (^2) is analogous to that of A4. Just recall that Df^ is Lipschitz 
and dafw is bounded. 
Next we estimate {B). 

=: (Bi) + (B2) + (Ba). 
The term (Bi) can be estimated by the inductive assumption. Moreover, 

|(i?2)| = 1 1 {daKix) - dafkix - - ayMy)dy 

because dafk is Lipschitz and Z)/^ e L^^. Finally 

|(Ba)| = I J {{.a^'^Kx) - fZ{x - ay))Ddo,h{x - ayMy)dy 

Indeed, since |w| < s — 2, is locally Lipschitz. Moreover, since the length of the 
derivative Dda is at most s — 1 and fk € we have Ddafk S 

Next we look at the case where D has length zero, i.e. D is the identity operator. 
We have to estimate, for v with \v\ < s, the difference — (fv)^'^^- Write v = kw, 
where k G {1,. . . , m}. Thus 

f: - {fvt^ = - xu^k - {XkU)^"^ + [x^fk)^''^ 

-{{fiTd^rk-i.Jido.ht^) 

= {Si) + {S2) + (5a). 



< Ca, 



< Ca. 
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Now (5*1) can be estimated by the inductive assumption. Moreover, 

1(^2)1 = I J Um^'^Hx) - f^ix - ay)}dM^ - ayMy)dy\ < Ca, 

because is locally Lipschitz continuous and dafw is locally bounded, since \w\ < 
s — 1. Finally 

1(^3)1 - 1 1 {(f^nx) - fZ{x - ay))d^h{x - ay)^{y)dy\ < Co, 

because is Lipschitz and da]k is bounded. This concludes the proof of the the 
first item of Proposition 12.41 □ 

Proof of Proposition \2.4\ item 2. We need to show that, for any j, fc G {1, . . . , m}, 
Iwl = s — 1 we have the estimate \XjX^f^\ < C, uniformly in x G K and cr < oq. 
Write 

Now, letting ^Pa{£.) — we have 

M{x) = if;j'Y^\x)d,^ f XkfUx - cTy)ip{y)dy 



{ffY{x)Xkfn,{z)d,AMx - z))dz 
- I ff{z)XMz)d,Sip„{x~z))dz 

{{ffn^) - ff{z)}xMz f"'^^^l''~"^ dz. 

The first line can be estimated integrating by parts by means of (17.11) . The estimate 
of the second line follows from the Lipschitz continuity of the functions /j. 
Next we control N . 

N{x) = {ffi^\x)d.^[xl j fn,{x- <jyMy)dy - J {Xkfn,){x ~ ayMy)dy] 
= {ff)'-"\x)d,^[ J {f^rix)dpfUz)Mx ~ z)dz 
f^{z)di3fu,{z)(pcr{x - 

= J {{daf^nx)d^fUzMx-z) 

+ iifkn^) - f^{z)]dpfUz)kdc.^Ux - z)}dz 

The estimate is concluded, because dpfw is bounded, while )'^(a;) — fk{z)\ < 
Ca. □ 
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